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Abstract 
Sigmoidal growths are well approximated by the non-linear sigmoidal 
growth models including Richards (1959) Morgan et al (1975), Davies 
and Ku (1977) and Muller et al (2006) among many others.  This 
article deals with the comparison of the nonparametric regression with 
the non-linear regression models in order to locate the better 
approximation for sigmoidal growths. To unwind the standard 
assumptions, nonparametric regression estimation is used for data 
analysis, which enables us to look at the data more flexibly, uncovering 
structure in the data that might missed otherwise. To consider noisy 
data, observed at certain time or design points, an effort has been made 
to approximate the relationships without defining the parametric 
functional form, and to use the function that bears the ability to deal 
the situation with mild assumptions. The assumptions of smoothness 
and simplicity are made to make up for usual assumptions of 
regression models. Kernel estimation and k-nearest neighbor 
estimation (Hardle, 1990; Takezawa, 2006) is used and the analysis 
shows the evidence in favor of nonparametric regression estimation (k-
nearest neighbor estimation) with the comparison of non-linear 
sigmoidal growth models. 
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I.  Introduction 
 Regression analysis plays an imperative role in Statistics because of its most 
potent and commonly used techniques. It is a mathematical measure of the average 
relationship between two or more variables in terms of the original units of the data that 
is used to deal with problems of locating suitable models to represent relationship 
between a response variable and a set of explanatory variables based on data collected 
from a series of experiments. Regression models are used to represent existing data and 
also to predict new observations. Two types of such models are prevailing, linear and 
nonlinear. Usually nonlinear models provide better approximation to switch real world 
phenomena. Different nonlinear models have been established including, logistic, 
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gompert and Weibull, see Weibull (1951), Richards (1959), Holiday (1960), Farazdaghi 
and Harris (1968), Morgan et al (1975), Davies and Ku (1977) and Muller et al (2006), 
etc. 
 
 There exist many systems in which the representation of data form a curve that 
starts from a point and increase steadily and then at a greater rate than at the early stage 
and then relatively in lesser rate and slowly get to an asymptote. These curves are 
referred as S-shaped or sigmoidal growth curves. The applications of such relationships 
found in agriculture, biology, economics and engineering. These growth curves include 
logistic, gompertz, Weibull type and can be found with Weibull (1951), Richards (1959), 
Morgan et al (1975), etc. For detailed discussion of nonlinear models, intrinsic 
nonlinearity, parameter effect nonlinearity, curvature measures and their estimation 
methods, see Ratkowsky (1983) and Seber and Wild (1989).   
 
 There is substantial literature regarding the efforts made in the field of nonlinear 
regression. To measure the nonlinearity also to right of entry the adequacy of regression 
models with their estimation, certain work is available (see e.g., Beale, 1960; Guttman 
and Meeter, 1965). Bates and Wates (1980) presented measure of nonlinearity about the 
geometric behavior of the curvature. They have found two components of nonlinearity 
i.e., intrinsic nonlinearity (IN) and parameter effect (PE) nonlinearity. Bates and Wates 
(1980) examined the work of Beale (1960) and Box (1971) and showed that Beale’s 
measure generally tend to underestimate the true nonlinearity, but the bias measure of 
Box is closely related to the parameter effect nonlinearity.  
 
 Birch (1999) presented a sigmoidal growth model based on logistic model, known 
as generalized logistic sigmoid growth equation. He claimed that the proposed model is 
unique to deal growth at small sizes or low densities are expected to be approximately 
exponential, also the maximum slope of the growth curve can be at any value. He 
established a comparison between his proposed model and Richard model and shown that 
the proposed model described the sequences of points much closely to the curves form 
which they are generated also it always gave closer fits and more correct estimates of the 
characteristics of the conventional sigmoid curves and the Richard model. He also 
concluded that the proposed model is more apposite when the exponential is assumed for 
initial growth, when estimates of maximum relative growth are required, or for generic 
growth simulations.  
 
 Yin et al. (2003) proposed a sigmoid function called as the beta growth function 
and compared it with logistic, Richards, Gompertz and Weibull growth models and two 
expolinear models. They shown that the beta model is flexible in describing various 
asymmetrical sigmoid patterns which is the property of Richards model, its parameters 
are numerically stable in statistical model which is the characteristic of Gompertz and 
logistic model, it predicts zero mass at time zero, that Weibull bears, but it also deal with 
various initial conditions that can be easily obtained additionally it provides reasonable 
estimates of final quantity and duration of a growth process. They claimed that their 
proposed model is unique for dealing with determinate growth, and is more suitable than 
other functions for establishing in process-based crop simulation models that are used to 
represent the characteristics of the system.  
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 Muller et al. (2006) presented a new approach to describe and estimate organ area 
indices (AI). They shown that the proposed model provide reliable predictions of time of 
organ AI and it found better in the sense that non-asymptotic pattern at minimum and 
maximum, high flexibility, unique interpretability and numeric stability of all the 
parameters and simplicity of parameterization based on measurement data.   
 
 Smoothing regression curve and obtaining smooth curve for density is an issue of 
deep interest. The initial performance concerning smoothing in time series is seen in 
Macauley (1931). The number of nonparametric regression methods is developed that are 
used to obtain the estimate of unknown regression function in a smooth manner (Härdle, 
1990). 
 
 Priestly and Chao (1970, 1972) considered the problem of estimating the unknown 
regression function g(x) given observations at a fixed set of points. Their estimate is 
nonparametric in the sense that g(x) is restricted only by certain smoothing requirements. 
The weights of moving averages of sample realizations are based on a class of kernels 
suggested by Rosenblatt (1956) and Parzon (1962). To extend the work of Priestly and 
Chao (1972), Benedetti (1977) reviewed the results of Priestly and Chao (1970, 1972) 
and also considered further properties, i.e. asymptotic normality, convergence of g(x) and 
choices of kernel. Benedetti (1977) provided the optimal class of kernels in the sense of 
optimizing an asymptotic expression for the mean square error. Cleveland (1979) and 
Cleveland and Devlin (1988) provided the robust version of nonparametric regression. 
Hardle and Mammen (1993) provided the grounds for the comparison between 
parametric and nonparametric regression and offered that squared deviation may be used 
to identify the appropriateness of parametric or nonparametric fit. Furthermore they 
proposed the wild bootstrap method, following Wu (1986), for comparison after showing 
the failure of standard bootstrap method, see also Akbar et el. (2010) for comparison of 
nonlinear and nonparametric regression towards yield-density relationships. For detailed 
discussion of nonparametric regression see Hardle (1990), Takezawa (2006) among many 
others. 
 
 Stone (1977) defined the consistency of nonparametric regression estimators and 
also provided the regularity conditions upon which the consistency is attained. He 
defined the consistency criteria for nonparametric regression estimators and established 
the consistency for many nonparametric regression estimators including nearest neighbor 
and local polynomial estimators. The applications of these results are also studied in 
density and Bayes risk estimators. 
 
 Müller (1987) has studied theoretical relationships of locally weighted regression 
and has shown that locally weighted regression is asymptotically equivalent to the kernel 
estimators and discussed that these estimators are approximately equal in finite sample 
applications. He also discussed that there is close correspondence between the orders of 
polynomial used in locally weighted regression and the order of the kernel used in the 
kernel regression. The correspondence between the shapes and the weight function is also 
observed there in. 
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 k-NN nonparametric estimator was initially proposed by Royall (1966) and The 
consistency of k-nearest neighbor regression estimator is calculated by Devroye et al. 
(1994) and have shown that, in probability, almost sure and complete convergence are 
equivalent for bounded regression variate. They also provided the strong uniform 
consistency for k-nearest neighbor regression estimator under regularity conditions.  
 
 Priestly and Chao (1972) proposed a nonparametric regression estimator for both 
equally and not equally spaced design points. They also derived approximate expressions 
for mean and variance of their proposed estimator and also showed that their proposed 
estimator is consistent. They considered different weight schemes and while handling the 
nonparametric regression, they have inferred that the weight function used in the 
regression estimator has less critical effect on the estimator of unknown function but the 
selection of bandwidth has a serious effect on the properties and performance of the 
estimators of unknown functions. 
 
II.  Parametric Estimation of Sigmoidal Growths 
 Four Data Sets are used in the current study, taken from Ratkowsky (1983). The 
data sets are Pasture Regrwoth, Onion Bulbs Plus Tops, Cocumber Cotyledons and Been 
Root Cells. Following are the nonlinear models used in the study and compared with 
nonparametric regression fits.  
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 Equation 1 - 5 are Gompertz, Logistic, Richards (1959), Morgan-Mercer-Flodin 
(MMF), and Weibull (1951) type model respectively. 
 
 For estimation of the above mentioned nonlinear models, Gauss-Newton Method 
is adopted (see Ratkowsky, 1983 and Draper and Smith, 1998, for more details). Bates 
and Wates (1980) and Box (1971) selected the suitable models on the basis of least 
standard error, high R2, insignificant IN, PE and bias.  
 
 Following Box (1971) and Bates and Wates (1980), the IN and PE measures are 
established as well as bias calculation is carried out for model selection. To test the 

significance of the IN and PE the relation F2
1

 is used, where F is the critical value 
obtained from the F-distribution table. Parameter estimates for above mentioned models 
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with four data sets can be found in Table 4.1 page 65 provided by Ratkowsky (1983). The 
squared deviations for above mentioned models for four data sets are given in Table 1 - 4.  
 
III.  Nonparametric Estimation of Sigmoidal Growths 
 For nonparametric regression estimation two approaches are used for curve fits, 
i.e. Kernal smoothing and nearest neighborhood (NN) estimates as presented under. 
The relationship between different variables represented in a form of regression model 
and the general nonparametric regression model is; 

UxmY += )(      (6) 
where Y is response variable, m(x) is unknown, nebulous and assumed smooth function of 
explanatory variable x, also m(x) = E(Y|X=x) with E(Y) < ∞ and U is the residual. An 
estimate of m(x) is found in terms of weighted sums in many estimation approaches. The 
error term having zero mean, constant variance and normality.  
 
 By using sample data, the nonparametric regression estimation is the estimation of 
unknown regression function, m(x), by considering the population mean of Y when X = x. 
Generally, the nonparametric regression estimators are the weighted mean of yi as given 
by; 

 ∑
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where, ),()( xxwxw inini = is the weight allocated to the  ith observation yi. The 
allocation of weight depends upon the distance of xi from the point x. Typically, large 
weight is allocated to the small distances and small weights for large distances to make 
balance the effect of large distant values. These weights are called probability weights 
with following properties (Hardle, 1990). 
(i) )(xwni ≥0  and  

(ii) 1)( =∑ xwni . 
a) Nadaraya-Watson (NW) Kernel Estimator 
 
 Nadaraya (1964) and Watson (1964) proposed kernel weights )(xwni for Eq. (7) 
above, and the book-length treatment concerning theoretical and applied aspects is given 
in Härdle (1990).  
The relation for )(xwni is given by; 
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and then the resultant estimator )(ˆ xm is given by; 
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where K(.) is a kernel and is a continuous bounded function which sums to 1 with a 
bandwidth hn→0 as  n → ∞. The bandwidth (hn) or smoothing parameter encounters the 
roughness of the regression line while simultaneous minimizing the variance and bias 
usually referred as bias-variance tradeoff. Many methods are available to calculate 
bandwidth (see Rice, 1984; Silverman, 1986 for details).  
 
b) k- Nearest Neighbour (NN) Estimator 
Royall (1966) proposed k-nearest neighbour estimator while taking into account the 
Euclidian distance between design points and its k-th neighbour among x’s, i.e. hn having 
hn→0 as  n → ∞. The resultant estimator for )(xwni is given by; 
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the kn is the Euclidian distance between x and its k-th neighbor among the xi and kn 
satisfies kn→0 as  n → ∞. The k is the bandwidth and has the same role as in Nadaraya-
Watson estimator.  
 
The squared deviation for the above mentioned nonparametric estimation procedures are 
given in Table 1-4 for four data sets of sigmoidal growths. 
 
 
Table 1: Comparison of Squared Deviations for Pasture Yield Data 
 

Squared Deviations for Parametric and Nonparametric Approaches 

Parametric Models Nonparametric 
Approaches 

Gompertz Logistic Richards MMF Weibull Type Kernel NN 
9445.676 9342.816 15768.71 9355.972 9325.459 5543.296 0.000 

  
 
Table 2: Comparison of Squared Deviations for Onion Bulbs Plus Tops Data 

Squared Deviations for Parametric and Nonparametric Approaches 

Parametric Models Nonparametric 
Approaches 

Gompertz Logistic Richards MMF Weibull 
Type Kernel NN 

3764146 8930.712062 236114.5 11165.44 7834.526 18794.17 5391.151 
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Table 3: Comparison of Squared Deviations for Cucumber Cotyledons Yield Data 
Squared Deviations for Parametric and Nonparametric Approaches 

Parametric Models Nonparametric 
Approaches 

Gompertz Logistic Richards MMF Weibull Type Kernel NN 
0.371689 0.211932 0.301072 0.0238 0.133839 0.457964 0.0000 

 
 
Table 4: Comparison of Squared Deviations for Been Root Cells Yield Data 

Squared Deviations for Parametric and Nonparametric Approaches 

Parametric Models Nonparametric 
Approaches 

Gompertz Logistic Richards MMF Weibull Type Kernel NN 
12.59052 6.210316 610.582 6.36995 5.446859483 15.37105 3.965548 

 
 
IV.  Discussion and Conclusion 
 The main purpose of the article is to evaluate the performance of the parametric 
and nonparametric regression estimation techniques. Moreover, nonparametric regression 
estimation methods, i.e. kernel estimation and nearest neighbor estimation are also 
compared. Certain work has been done but we choose different add ups with parametric 
and nonparametric regression estimation and observed the upshots of these linkages. 
 
 Initially we considered the nonlinear data and applied the nonlinear modeling and 
then estimation of these nonlinear models as suggested and given in Ratkowsky (1983). 
We than applied the nonparametric kernel estimation and nearest neighbor estimation to 
these data and come to the conclusions. 
 
 Thorough examination of the above tables signifies that the nonparametric 
regression approach is more suitable to deal with the sigmoidal growths. The k-nearest 
neighbor nonparametric estimation is more credible because it estimates the values that 
are very close to the actual values and in some cases (Table 1 and Table 3), the estimated 
values are exactly same as the actual values that results in the zero squared deviation of 
actual and estimated values.  
 
 Irrespective of rigid assumptions for the regression model, we used less restrictive 
nonparametric regression approach for the regression model and come to the conclusion 
that nonparametric regression estimation is suitable in the considered case of sigmoidal 
growths. So the nonparametric regression estimation appears more suitable in the cases 
discussed above for the sigmoidal growths. 
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