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Abstract 
Markowitz (1952) proposes optimal rules for asset allocation in risky 

assets and assumes that investor should only consider the return and 

risk of investment while making the asset allocation decisions. This 

asset allocation process revolves round the estimation of well 

structured variance-covariance matrix. This study has two main 

objectives. First, it compares 12 alternative ways for estimating the 

covariance matrix within four categorize i.e. traditional approach, 

factor approach, equally weighted portfolio of covariance estimators 

and shrinkage base covariance matrix in equity market of Pakistan. 

Secondly, it compares the optimal weights computed by mean-variance 

framework with weights under the phenomena of non-theory base 

diversification. On the basis of root mean square error, risk profile of 

minimum variance portfolios, risk-return characteristics of weights, 

sharp ratio and Herfindahl index it is empirically concluded that 

investors and portfolio managers cannot achieve any additional edge 

by using most sophisticated ways over relatively simple and straight 

forward ways of estimating the covariance matrix in equity market of 

Pakistan.  
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I. Introduction 
 In fourth century, Rabbi Issac bar Aha first time propose a rule for asset allocation 

that is based upon the following principals; investor should break up all its available 

wealth into three segments, one part should invest in real estate, other part should invest 

in merchandise and rest should be ready to hand (DeMiguel, Garlappi  &  Uppal, 2009). 
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After some lull in the literature, the work of Markowitz (1952) on portfolio selection 

gains widespread acceptance in financial literature. Markowitz (1952) come up with 

optimal rules for asset allocation in risky assets and assumes that investor only consider 

the return and risk of investment while making the asset allocation decisions. This 

framework labels modern portfolio theory and consider the foundation of modern 

finance. Chan, Karceski, and Lakonishok (1999) also argue that modern portfolio theory 

is a standard way for optimal asset allocation into risky assets. Kolm, Tutuncu and 

Fabozzi (2014) presents an electronic survey of influential paper of Markowitz (1952) 

and reports that it cite 19,016 times in Google scholar, 590,000 hits in Google, 531 

videos only on YouTube and there are lot of books available on modern portfolio theory. 

 

 In the same time Hodges and Brealey (1978), Michaud (1989), Best and Grauer 

(1991) and many financial researchers also put criticism on the mean-variance portfolio 

theory and identify many estimation problems in modern portfolio theory. Michaud 

(1989) even term this optimal asset allocation as ‘estimation error maximizer’ and call 

this optimization process as enigma. Therefore the asset allocation base upon mean 

variance framework leads the investor towards questionable results. Existing literature on 

the subject of asset allocation deal the questionable results in two main perspective i.e. 

theoretical perspective and implementation perspective. The former perspective describes 

all the assumptions require for the successful implementation of standard mean variance 

framework. The latter perspective discuss the inputs require for successful 

implementation of modern portfolio theory. For implementation of mean-variance 

optimization we need two main inputs. First is the estimation of return vector and second 

is about the estimation of variance-covariance matrix. As per the Ledoit and Wolf (2003), 

Elton and Gruber (1973) and DeMiguel, Garlappi and Uppal (2009) the estimation of 

covariance matrix is most vital and stickiest point in the process of asset allocation. The 

prime focus of this research paper is in the domain of estimation of covariance matrix as 

an input to asset allocation and application of mean-variance criteria for asset allocation 

decisions in equity market of Pakistan. 

 

 Estimation of covariance matrix through the sample covariance matrix is most 

traditional way for portfolio optimization. It uses the historical covariances for the 

estimation of covariance matrix. Since it applies very low structure therefore it is rarely 

use in the financial literature. Pafka et al. (2004) and Jobson and Korkie (1980) criticize 

the estimation of covariances through the traditional covariance matrix. Sharp (1963) 

come up with the idea of estimation of covariances through systematic risk factor. The 

idea of computing the betas (Sharp, 1963) is further extend by Blume (1971) and Vasicek 

(1973) by adjusting the variation in betas. Elton and Gruber (1973) propose the overall 

mean of previous correlation coefficients as a predictor of expected covariances and 

empirically reveal that it outperform the sample covariances and covariance estimator 

propose by Sharp (1963). Eun and Resnick (1992) and Elton et al. (2006) also improve 

the original constant correlation base covariance matrix. There is plethora of financial 

literature available on the subject of estimation of covariance matrix as an input to 

tactical asset allocation. The common theme of all available financial literature is that 

investor cannot rid off from the estimation error arises due to estimation of covariance 

matrix. The total error investor confronts in the process of asset allocation bifurcated as 

specification error and estimation error. DeMiguel, Garlappi and Uppal (2009) conduct a 

comprehensive study of 14 different asset allocation models on 7 data sets and compare 
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the performance of mean-variance criteria, its different extensions with native 

diversification. It is empirically revealed that non-theory base diversification outperforms 

all sophisticated strategies and main reason is the estimation error arises during the 

implementation of asset allocation strategies. 

 

 In the beginning of first decade of 20
th

 century a debate starts in financial literature 

on the optimization between the estimation error and specification error during the 

estimation of covariance matrix. Researchers like Bengtsson and Holst (2002), 

Jagannathan and Ma (2003), Ledoit and Wolf (2003, 2004) and Disatnik and Benninga 

(2007) indisputably agree that investor should use the portfolio of covariance matrixes for 

a better estimation of covariance matrix in asset allocation. In this way a new discussion 

starts that what should be the optimal weights of each covariance matrix in the portfolio 

of covariance matrix. Ledoit and Wolf (2003) first time shrink the sample covariance 

matrix to the covariance matrix propose by Sharp (1963) and compute the weight of each 

covariance matrix by minimizing the quadratic loss function initially propose by Stein 

(1956). This framework is term as Bayesian shrinkage approach. In 2004, Ledoit and 

Wolf also shrink the sample covariance matrix towards the constant correlation base 

covariance matrix. This process of optimization is base on the decision theory in statistics 

and believes that it is possible to find an optimal point between estimation error and 

specification error. This optimizer shrinks the estimation error without generating more 

specification errors. Further it shrinks the covariances among asset classes while variance 

of asset classes remains unchanged. Latter on researchers also find algorithms to shrink 

the sample covariance towards diagonal matrix, identity matrix, multi-factor base 

covariance matrix and non-theory base covariance matrices. 

 

 The Bayesian shrinkage approach is considered to be more complex, sophisticated 

and rigorous approach for determination of optimal weight to covariance matrix in a 

portfolio of covariance matrix. But Jagannathan and Ma (2003) challenge this 

sophisticated approach and propose a relatively simple, straight forward way for the 

determination of weights to covariance matrices in portfolio of covariances. Jagannathan 

and Ma (2003) introduce the equally weighted portfolio scheme of different covariance 

estimator as a better predictor of covariance matrix than shrinkage base covariance 

matrix. Disatnik and Benninga (2007) confirms that investors and portfolio managers are 

not fascinate with shrinkage base covariance matrix because it is not possible to earn any 

marginal benefit by using the complicated approach over the straight forward approach of 

estimating the covariance matrix. There is plethora of literature available on estimating 

the covariance matrix but still literature related to portfolio management are at confusing 

stage. The common theme of recent available literature is that whether investor should 

use most sophisticated and complex ways over simple ways for estimating the covariance 

matrix for tactical asset allocation decisions? Further investor and portfolio managers 

need to find the optimal weights to each asset class in their portfolios. Similarly existing 

literature is also confusing about the use of non-theory base diversification over the 

mean-variance optimization for asset allocation decisions (DeMiguel, Garlappi & Uppal, 

2009). 

 

 This study has two main objectives. First, it compares 12 alternative ways of 

estimating the covariance matrix by developing four categorize i.e. traditional 

approaches, factor base approach, equally weighted portfolio of covariance estimators 
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and shrinkage base covariance matrix in equity market of Pakistan. It uses two different 

types of evaluation criteria for the comparison of covariance matrix. One is the root mean 

square error (RMSE) and other is the computation of minimum variance portfolios 

(GMVP). Secondly, it compares the optimal weights by mean-variance framework with 

weights under the phenomena of non-theory base diversification (Naïve diversification). 

For this comparison we compute the risk-return characteristics of mean variance 

portfolio, number of positive weights, number of negative weights, maximum value of 

weight, minimum value of weight, excess sharp ratio (ESR) and Herfindahl index (HI). 

We recommend for investors and fund managers that they should be vigilant about the 

phenomena of trade off between estimation error and specification errors. Investor cannot 

earn any marginal benefit by using complex and most complicated way for estimating the 

covariance matrix over relatively simple and straight forward equally weighted scheme of 

portfolio of covariance estimators.  The remaining study is organized as follow; next 

section includes data description and details of research methodology which is followed 

by empirical finding of our study and finally there is brief conclusion. 

 

II. Data Description and Research Methodology 
 This study uses the Bloomberg database to collect the data of asset classes in the 

equity market of Pakistan. The data period of study starts from May 14, 2004 to October 

30, 2015 on bi-weekly basis. This sample is further divided into two subsamples i.e. May 

14, 2004 to January 29, 2010 and February 12, 2010 to October 30, 2015. We estimate 

the covariance matrices on the first subsample and compare these covariance matrixes 

with the covariance matrices estimated on the second subsample. We use the KSE-100 

index as a proxy of equity market in Pakistan. Study also develops the equally weighted 

indices of the sectors as per the global industry classification standard (GICS). The GICS 

is developed by the Morgan Stanley Capital International and Standard & Poor’s. The 

details of the GICS are described in Table 1. 

 

Table 1:  Sectors as per the GICS in Pakistan 

Serial Numbers Classification/Sectors 

1 Consumer Discretionary 

2 Consumer Staples 

3 Energy 

4 Financials 

5 Health Care 

6 Industrials 

7 Information Technology 

8 Materials 

9 Telecommunication Services 

10 Utilities 

 

A. Variance-Covariance Matrix 

 Variance covariance is a square matrix with covariances among all the 

combinations of asset class in off-diagonal positions while it contains variances of asset 

classes on diagonal entries.  A dispersion matrix can be written as follows; 
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 We use the continuous compounded return of each asset class for the comparison 

among covariance matrices. Continuous compounded return are calculated by       
            . Here            shows the current and previous share prices respectively. 

Table 2 summarizes the covariance matrices considered in this study.  

 

Table 2: Summary of the variance-covariance methods 
Category Symbol Variance-covariance matrices 

Traditional 
methods 

vc-1 Diagonal covariance matrix 

vc-2 Sample matrix 

vc-3 Constant correlation model 

Factor Model vc-4 Single Index matrix 

Portfolio of 
estimators 

vc-5 Portfolio of sample matrix & diagonal matrix 

vc-6 Portfolio of sample matrix & single index matrix 

vc-7 Portfolio of Sample matrix & constant correlation matrix 

vc-8 
Portfolio of Sample matrix, single index & constant 

correlation matrix 

vc-9 
Portfolio of sample matrix, single index, constant 

correlation & diagonal matrix 

Shrinkage 
approaches 

vc-10 Shrinkage to the diagonal matrix 

vc-11 Shrinkage to the single index model 

vc-12 Shrinkage to the constant correlation model 

 

Diagonal covariance matrix 

 It is a covariance matrix with zero in off-diagonals and sample variances in the 

diagonal entries. It can be written as; 

   

 
 
 
 
 
    

      

    
     

    

      
    

 
 
 
 
 

 

Sample covariance matrix 

 Assume there are Z asset classes and K is the total number of observation of asset 

returns. Also     shows the return of i
th

 asset class at time‘t’,     be the average return of i
th

 

asset class i.e.      
   

 

 
                . Let   shows the matrix of excess return of 

asset classes and    is the transpose of matrix  . 
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 This study uses the equation (2) for the estimation of sample covariance matrix 

(  . 
 

Constant correlation model 

 Constant correlation base covariance estimator is introduced by Elton and Gruber 

(1973). It assumes that co-movement among asset classes are driven by the constant 

correlation coefficient. This constant correlation coefficient is determined by taking the 

mean of all correlation coefficients among the asset returns. It is also called overall mean 

method. The relation among correlation coefficient and covariance can be written 

as      
  
     . Further the covariances are estimated by following scheme. 

 

     
       

                             

       
  
                      

  

 

 In line with Chan, Korceski and Lakonishok (1999) we also used this method for 

the estimation of covariance matrix among the asset returns. We first estimate the 

correlation matrix among asset classes then compute the average correlation coefficient. 

For estimation of covariance matrix this computed average correlation coefficient is used 

as covariance among all the asset classes. 

 

Single factor base matrix 

 The single index formula, primarily proposed by Sharp (1963), is considered an 

effort to simplify the complexities in the sample covariance estimators. It is assumed that 

there is linear relationship between asset return of individual asset class and benchmark 

return; 

               
 

 Here     denotes the return on asset class    ,    represents the return on market 

portfolio and   is error term such that          . Covariance matrix estimated by 

single index method can be written as; 

 

     
 
 
 
 
   
               

  
                        

  

  

 Here  
 
 are the slopes and    

 is the variance of benchmark return. This single 

index base covariance estimator is more efficient in term of estimation error. It has 

comparatively less estimation error than sample covariance but due to the assumption of 

single factor it may results in specification error. 

 

Shrinkage based estimators 

 Sample covariance and single index base covariance model are two extreme of one 

road. Single index models are based on one factor i.e Market portfolio while sample 

covariance may refer as M factor model. Since sample covariance matrix inherently 

encounter estimation errors while single index model faces heavy criticism in the shape 

of specification errors therefore it can be argue that we need to optimize both of the errors 
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i.e. estimation error and specification errors. Reliable estimator may be K factor model 

such that      . Stein (1956) came with the idea of minimization of quadric loss 

function. According to the Ledoit and Wolf (2003) the main reason of criticism on 

sample covariance matrix is roots in the fact that it applies very little structure. Ledoit and 

Wolf (2003) come up with the idea of combination of two covariance matrix and optimal 

weight determine under the concept of Stein (1956). Shrinkage estimators can be 

estimated with the following way; 

 

                        
 

 Here            shows the covariance matrix after shrinkage,   be the weights of 

target covariance matrix and   denotes the sample covariance matrix. Ledoit and Wolf 

(2003) first time shrink the sample covariance matrix to single index base covariance 

matrix and Ledoit and Wolf (2004) also shrink the sample covariance matrix towards 

constant correlation base covariance matrix. Further debate starts about the selection of 

target matrix. In this paper we shrink the sample covariance matrix to the single index 

base covariance (Ledoit & Wolf, 2003), sample covariance to the constant correlation 

base matrix (Ledoit & Wolf, 2004) and sample covariance to the diagonal matrix (Kwan, 

2011). For further details we refer the original article of Ledoit and Wolf (2003, 2004). 

 

Portfolio of estimators 

 In line with the Jagannathan and Ma (2003), Liu and Lin (2010) and Disatnik and 

Benninga (2007) we also compare the following portfolio of covariance estimators. 

 

 Portfolio of sample matrix & diagonal matrix: it consists of equal weights of 

sample covariance and diagonal covariance matrix. 

   
 

 
                          

 Portfolio of sample matrix & single index matrix: It consists of equal weight of 

sample covariance and one factor base covariance estimator. 

   
 

 
                              

 Portfolio of sample matrix & constant correlation base covariance matrix: It 

consists of equal weight of sample covariance and correlation base covariance 

estimator. 

   
 

 
                               

 Portfolio of sample matrix, single index & constant correlation matrix: It consists 

of equal weight of sample covariance, one factor base covariance estimator and 

correlation base covariance estimator. 

   
 

 
                                             

 Portfolio of sample matrix, single index matrix, overall means matrix & diagonal 

matrix: It consists of equal weight of sample covariance, one factor base 

covariance estimator and correlation base covariance estimator and diagonal 

matrix. 

   
 

 
                                                       



888      Pakistan Journal of Social Sciences Vol. 36, No. 2 

B. Mean-variance framework 

 Markowitz (1952) first time introduces the statistical formula for the selection of 

portfolios and assume that investors are risk averse. Suppose that an investor want to 

invest in K places with    be the invested proportion in J
th

 asset class then return and 

risk of portfolio can be computed as; 
  

                                         

 

   

        

 

                        

 

   

              

 

     

 

   

            

 

 Here   be the column vector of weights and      be the column vector of returns 

of each class in the portfolio. The relationship between correlation coefficient and 

covariance can be describe as              . The variance of individual asset class in 

the portfolio is calculated as; 

       
   

 

 
                  
 

   

 

 

 An optimal weight is computed by the formula; 

  

    
   
  
    

       
  
     

 

 

 Global minimum variance portfolio (GMVP) is the only portfolio in the 

Markowitz efficient frontier which is independent on the choice of estimation of expected 

return. If ‘1’ is column vector of one’s then GMVP weights are calculated as follows; 
 

       
   
  
 

     
  
 

 

 The minimum variance portfolio depends upon the choice of covariance matrix 

rather the choice of expected return vector of asset classes in the portfolios. 

 

C. Evaluation criteria 

 Consistent with the Liu and Lin (2010), Jagannathan and Ma (2003) we use two 

different types of evaluation criteria for the comparison of covariance matrix. One is the 

root mean square error (RMSE) and other is the computation of minimum variance 

portfolios (GMVP).  For the calculation of RMSE the following formula is used; 
 

      
      

 
            

 

 

       

 

   

 

 

 Here    and     denotes the actual and expected covariance among i
th

 and m
th

 

asset class in the portfolio. A lower RMSE is preferred over the higher RMSE. Since 

GMVP is independent with the choice of return vector therefore we use the risk profile of 

GMVP for the comparison of different covariance matrices. We also compute the risk-
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return characteristics of mean variance portfolio, number of positive weights, number of 

negative weights, maximum value of weight, minimum value of weight and excess sharp 

ratio (ESR). This study also computes the Herfindahl index (HI) with the formula    

   
     

     
       

 ;   
  be the square of weights invested in j

th
 asset class. 

 

III. Empirical Findings 
 We compare the 12 covariance matrices on the basis of root mean square error 

(RMSE) and risk profile of minimum variance portfolio (GMVP).  The results are 

presented in Table 3. A covariance matrix is said to outperform others if it has relatively 

low value of RMSE. From the results it is evident that sample covariance matrix (vc-2) 

performs worse among all consider covariance matrix. When we evaluate the most 

complex covariance estimator develop by Ledoit and Wolf (2003, 2004) then it is clear 

that the shrinkage estimator (vc-11) outperform the other shrinkage estimator (vc-12) on 

the basis of RMSE. Also the optimal shrinkage estimator (vc-10) performs worse among 

the other two optimal shrinkage estimator vc-11 and vc-12. Among the equally weighted 

covariance matrices primarily proposed by Jagannathan and Ma (2003), portfolio of 

sample covariance and single index base covariance (vc-6) has lower value of RMSE as 

compare to portfolio of equally weighted matrices of sample covariance and constant 

correlation base covariance (vc-7).  When we compare the most complex shrinkage 

estimators (vc-11 & vc-12) with relatively simple and straight forward covariance 

estimators (vc-5, vc-6, vc-7, vc-8, vc-9) then it is clear that investor cannot achieve any 

additional edge by using most sophisticated ways for estimation of covariance matrix.  

 

 In this paper we also compare the 12 covariance matrices on the basis of standard 

deviation of minimum variance portfolios. Here again sample covariance (vc-2) results 

highest value of standard deviation. Single index base covariance estimator (vc-4) has 

lower value of standard deviation than constant correlation base covariance model (vc-3). 

Single index base covariance estimator (vc-4) has lower standard deviation than 

shrinkage base estimator (vc-11). Also constant correlation base covariance estimator 

(vc-3) has relatively lower standard deviation than shrinkage base estimator (vc-12). 

Among the equally weighted covariance matrices primarily proposed by Jagannathan and 

Ma (2003), portfolio of sample covariance and single index base covariance (vc-6) has 

relatively higher value of standard deviation of minimum variance as compare to 

portfolio of equally weighted matrices of sample covariance and constant correlation base 

covariance (vc-7). When we compare the shrinkage based covariance estimators (vc-11 & 

vc-12) with the equally weighted portfolio of covariance estimators (vc-6 & vc-7) then 

shrinkage base estimators results a relatively low standard deviation of minimum 

variance portfolios. We also report the return of minimum variance portfolios as 

comparison purpose with standard deviation of minimum variance portfolios at Table 3. 

 

Table 3: Comparison of Covariance Estimators under RMSE and GMVP 

VCM RMSE Return - GMVP SD - GMVP 

vc-1 0.0000 0.0034 0.0217 

vc-2 0.0415 0.0063 0.0249 

vc-3 0.0386 0.0054 0.0223 

vc-4 0.0303 0.0045 0.0218 

vc-5 0.0208 0.0044 0.0210 
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vc-6 0.0343 0.0058 0.0231 

vc-7 0.0375 0.0053 0.0225 

vc-8 0.0338 0.0054 0.0223 

vc-9 0.0254 0.0048 0.0213 

vc-10 0.0412 0.0063 0.0247 

vc-11 0.0265 0.0048 0.0219 

vc-12 0.0366 0.0056 0.0227 

 

 The result of characteristics of weights under minimum variance portfolios are 

reported at Table 4. It includes return and risk of portfolios, excess sharp ratio, value of 

Herfindahl index, number of positive weights, number of negative weights, maximum 

value of weights and minimum value of weights under 12 covariance alternative inputs to 

minimum variance portfolios. It is evident that equally weighted covariance estimator 

(vc-7) outperforms the combination of covariance estimator (vc-6) as vc-7 has relatively 

low value of standard deviation with higher portfolio return. On the basis of excess sharp 

ratio, shrinkage based covariance estimators (vc-11 & vc-12) results poor covariance 

estimates and sample covariance estimator (vc-2) has minimum excess sharp ratio. 

Constant correlation base covariance estimator (vc-3) has relatively higher excess sharp 

ratio than single index base covariance (vc-4) estimator. Further equally weighted 

covariance estimators (vc-6 & vc-7) outperform the shrinkage base covariance estimators 

on the basis of excess sharp ratio. Similarly optimal shrinkage base covariance estimators 

also have relatively higher value of Herfindahl index in comparison to the equally 

weighted covariance estimators. Also sample covariance (vc-2) has highest value of 

Herfindahl index. In the same footing, shrinkage base covariance estimators (vc-10, vc-

11 & vc-12) have relatively more short position than other considered covariance 

estimators. Table 4 also reports the maximum and minimum value of weights and it is 

clear that sample covariance estimators has higher range of minimum variance portfolio 

which is further followed by optimal shrinkage base covariance estimators.  

 

Table 4: Characteristics of weights under GMVP 

 
Portfolio 
Return 

Portfolio  
SD 

ESR HI 
Positive 
Weights 

Negative 
Weights 

Max Min 

vc-1 0.0033 0.0093 0.3564 0.1231 10 0 0.1863 0.0236 

vc-2 0.0034 0.0181 0.1886 0.5081 6 4 0.5244 -0.1902 

vc-3 0.0043 0.0165 0.2615 0.3022 7 3 0.3846 -0.095 

vc-4 0.0042 0.0162 0.2574 0.2458 7 3 0.3856 -0.0327 

vc-5 0.0036 0.0155 0.2313 0.19 9 1 0.3161 -0.0109 

vc-6 0.0038 0.0178 0.2166 0.277 7 3 0.4241 -0.0312 

vc-7 0.004 0.0177 0.2251 0.3263 7 3 0.4274 -0.0756 

vc-8 0.004 0.0175 0.2292 0.2782 7 3 0.4093 -0.053 

vc-9 0.0039 0.0163 0.2367 0.2172 7 3 0.3484 -0.032 

vc-10 0.0034 0.0181 0.1895 0.4949 6 4 0.5201 -0.1794 

vc-11 0.0036 0.0181 0.196 0.4137 5 5 0.490 -0.1128 

vc-12 0.0038 0.018 0.2116 0.3593 6 4 0.458 -0.067 
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Table 5: Characteristics of weights under mean-variance portfolios 

 
Portfolio  
Return 

Portfolio  
SD 

ESR HI 
Positive 
Weights 

Negative 
Weights 

Max Min 

vc-1 0.004 0.01 0.399 0.157 9 1 0.242 -0.023 

vc-2 0.008 0.028 0.297 1.461 4 6 0.679 -0.398 

vc-3 0.008 0.022 0.345 0.715 5 5 0.56 -0.253 

vc-4 0.007 0.021 0.33 0.722 5 5 0.516 -0.357 

vc-5 0.006 0.02 0.3 0.411 5 5 0.438 -0.138 

vc-6 0.007 0.025 0.302 0.803 5 5 0.56 -0.194 

vc-7 0.008 0.025 0.313 0.806 5 5 0.577 -0.254 

vc-8 0.007 0.024 0.313 0.757 5 5 0.559 -0.215 

vc-9 0.007 0.021 0.311 0.539 5 5 0.489 -0.171 

vc-10 0.008 0.028 0.296 1.405 4 6 0.656 -0.383 

vc-11 0.008 0.027 0.296 1.144 4 6 0.616 -0.3 

vc-12 0.008 0.026 0.304 0.923 4 6 0.597 -0.255 

 

 For investor we also compute the return and risk of mean-variance portfolios with 

10 sectors as investment asset classes at Table 5. It also reports the Herfindahl index (HI), 

excess sharp ratio (ESR), number of positive weights, number of asset classes with short 

sales and range of weights under mean-variance efficiency criteria by changing the 

variance covariance estimators. Shrinkage base covariance estimators proposed by Ledoit 

and Wolf (2003, 2004) again have relatively lower excess sharp ratio as compare to 

equally weighted portfolio of covariance estimators primarily propose by Jagannathan 

and Ma (2003). Constant correlation base covariance matrix (vc-3) and single index base 

covariance matrix (vc-4) have relatively higher value of ESR than other consider 

covariance estimators in Pakistan. Sample covariance results a poor estimator as it has 

relatively low value of ESR among studied covariance estimators. When we compare the 

Herfindahl index of optimal shrinkage base covariance estimators with equally weighted 

covariance estimators then it is quite clear that optimal shrinkage base estimators results 

relatively higher variation in weights as compare to other competitive covariance 

estimators. Further sample covariance estimator (vc-2) has highest value of Herfindahl 

index among all the estimators. On the basis of range and number of positive and 

negative weights of asset classes, optimal shrinkage base estimators (vc-10, vc-11 & vc-

12) proves worse as compare to other covariance estimators in Pakistani equity market. 

 

 We also compute the characteristic of weights on the basis of non-theory base 

diversification. The results are reported at appendix A. From the results it is evident that 

sample base covariance estimator has highest standard deviation of equally weighted 

portfolios. Also shrinkage base covariance estimators have lower value of excess sharp 

ratio as compare to other variance covariance matrices. 

 

IV. Conclusion 
 Asset allocation is the process in which investor distribute its wealth into different 

asset classes. Markowitz (1952) come up with optimal rule for asset allocation in risky 
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asset and assumes that investor only consider the return and risk of investment while 

making the asset allocation decisions. This research paper falls in the domain of 

estimation of covariance matrix as an input to asset allocation and application of mean-

variance criteria for tactical asset allocation decisions in equity market of Pakistan. 

Specifically it has two main objectives. First, it compares 12 alternative ways for 

computing the covariance matrix by developing four categorize i.e. traditional 

approaches, factor base approach, equally weighted portfolio of covariance estimators 

and shrinkage base covariance matrix in equity market of Pakistan. It uses two different 

types of evaluation criteria for the comparison of covariance matrix. One is the root mean 

square error and other is the computation of minimum variance portfolios. Secondly, it 

compares the optimal weights by mean-variance framework with weights under the 

phenomena of non-theory base diversification on the basis of the risk-return 

characteristics of mean variance portfolio, number of positive and negative weights, 

excess sharp ratio and Herfindahl index.  

 

 From empirical results it is evident that sample covariance matrix performs worse 

among all consider covariance matrix. When we compare the most complex shrinkage 

estimators with relatively simple and straight forward covariance estimators then it is 

clear that investor cannot achieve any additional edge by using most sophisticated ways 

for estimation of covariance matrix. On the basis of excess sharp ratio, shrinkage base 

covariance estimator results poor covariance estimates. Optimal shrinkage base 

covariance estimators also have relatively higher value of Herfindahl index in 

comparison to the equally weighted covariance estimators. In the same footing, shrinkage 

base covariance estimators have relatively more short position than other considered 

covariance estimators. We recommend for investors and fund managers that they should 

be vigilant about the phenomena of trade off between estimation error and specification 

errors. Investor cannot earn any marginal benefit by using complex and most complicated 

way for estimating the covariance matrix over relatively simple and straight forward 

equally weighted scheme of portfolio of covariance estimators.  
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Appendix A: Quantitative feature of weights under naïve diversification 

 

Table A1: Characteristics of weights under equally weighted portfolios 
Covariance Matrices Portfolio Return Portfolio SD ESR 

vc-1 0.0027 0.0113 0.2367 

vc-2 0.0027 0.0235 0.1132 

vc-3 0.0027 0.0233 0.1145 

vc-4 0.0027 0.0201 0.1326 

vc-5 0.0027 0.0184 0.1444 

vc-6 0.0027 0.0219 0.1217 

vc-7 0.0027 0.0234 0.1138 

vc-8 0.0027 0.0224 0.1191 

vc-9 0.0027 0.0202 0.1321 

vc-10 0.0027 0.0235 0.1134 

vc-11 0.0027 0.0231 0.1151 

vc-12 0.0027 0.0235 0.1135 

   


