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Abstract 
The present study evaluates the performance of Nadaraya-Watson 
(NW) estimation and ordinary least square (OLS) estimation with 
diverse covariate structures on the basis of simulation study. The 
covariate structures considered here are; normal, gamma, exponential, 
weibull, t, laplace and uniform covariates for small moderate and large 
sample sizes. The consistency of OLS estimation is observed for all the 
covariate structures for different sample sizes. NW estimation is found 
best for skewed and fat tailed covariates while for symmetric covariates 
the performance of NW estimation is not good. 
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I. Introduction 
 In practical situations, modeling response variable is an important task for decision 
making. For reliable decision making one may have to identify the probability 
distribution of response variable. If the response variable follows some parametric family 
of distributions then we use parametric method for modeling the response variable. If the 
response variable does not come from any parametric distribution then we use 
nonparametric or distribution free methods for modeling such type of response variable 
e.g. the modeling of survival times (Marshall and Olkin, 2007). Usually the functional 
form of the model is known or can be judged by some standard statistical methods. But in 
many practical situations, the functional form of the model is not available. In such cases, 
the estimation of the response for given designs can be made without involving the 
routine regression models with relaxed assumptions (Hardle, 1990). Nadaraya (1964) and 
Watson (1964) proposed a technique for the nonparametric estimation which is 
considered as a benchmark for estimating wide range of unknown functions. 
 
 Nonparametric estimation has wide range of applications in different fields of life.  
Nonparametric regression is used to estimate the finite population mean (Rueda and 
Sánchez-Borrego, 2009). Estimation of nonparametric regression is subject interest with 



78      Pakistan Journal of Social Sciences Vol. 33, No. 1 

point and variance estimation (Hall and Marron, 1990). Point estimation method 
proposed based on first differences by Rice (1984) and Gasser et al. (1986).  For the 
estimation of variance in nonparametric regression based on mean square for the squared 
of residual was discussed by Hall and Marron (1990). This method is only valid for 
general error distribution and is optimal for both first and second order of differences. 
Estimation of nonparametric regression is actually based on smooth parameter. This 
parameter is estimated by various methods in literature which includes rule of thumb, 
cross validation method, direct plug-in method (Silverman, 1986; Wand and Jones, 
1995). Hardle  and  Mammen (1993) compared the parametric with nonparametric 
methods by using the wild bootstrapping on Engel curve by taking the L2 function. Li and 
Datta (2001) proposed the bootstrapping for nonparametric regression for right censored 
data.  Su (2012) proposed the two-step estimator of nonparametric regression function 
with parametric error covariance and demonstrate that it is more efficient than the usual 
LLE. Zeiger (2002) developed the nonparametric regression model with the random 
design of the maximum of Nadaraya-Watson Kernel by using the paired bootstrap and 
smooth paired bootstrap. Rueda (2008) applied the local polynomial regression based 
estimator of the population mean and compared this method to the other different 
methods by simulated different population dataset. Like parametric regression, in 
nonparametric regression testing the assumptions are important to obtained reliable 
results. Eubank and Thomas (1993) was developed the tests and plots for identifying 
heteroscedasticity in nonparametric regression. Cai et al. (1998) proposed two score tests 
for the testing the heteroscedasticity in wavelet regression and have found that the 
performance of Koenker test based on simulation study is well as Breusch & Pagan test. 
Azzalini et al. (1989) explored the model checking criteria for nonparametric regression 
and developed a pseudo likelihood ratio test for the assessment of fit. Michael and 
Neumann (1995) presented the combine issue of bandwidth selection and the confidence 
interval in nonparametric regression. They proposed a method to the bandwidth and also 
performed the explicit bias correction. Chiu (1996) compared the different bandwidth 
selectors and proposed the remedy of some difficulties during the band width selection 
such that the bandwidth in cross validation methods is small for the large sample size he 
investigated on the basis of sample characteristic function that the selection of second 
bandwidth affected the performance. Cheng (1997) used the plug in method to develop 
the band width selectors and demonstrated that the bandwidth is efficient even in the non 
smooth boundaries. Fernandez  and  Opsomer (2005) proposed a method to adjust the 
generalized cross validation criteria for the effect of spatial correlation in such bivariate 
local polynomial regression and they implemented these results on water chemistry data 
and found the improved results of smoothing parameter selection. 
 
II. Methodology 
 In this study, we are going to evaluate the performance of Nadaraya-Watson (NW) 
estimation and ordinary least square (OLS) estimation having different covariate 
structures on the basis of simulation study. We have considered linear model for the data 
generation and considered; normal, weibull, t, laplace, uniform, exponential and gamma 
covariates for different sample sizes.  
 
 Nadaraya and Watson in 1964 proposed a method for estimation of unknown 
function by using a kernel as a weighting function.  
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Suppose that a random sample  1 2, , nX X XK  taken from the univariate distribution  
f(.)  
For the model; 

( ) iii xmy ε+=     ,  1,2,3, ,i n= L   (1) 
The estimate of the m(xi) is then given by Nadaraya and Watson as; 
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Where K is kernel and h is the bandwidth or smoothing parameter. 
 If estimates give the tattered results and these results leads the estimates in a 
wrong direction to overcome these problems we replace the weight function in to the 
kernel. The kernel function determines the  shape of the bumps. The kernel function 
should satisfies the following conditions;  
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and the kernel estimator K can be written as  
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 Usually K is chosen to be a unimodal probability density function that is 
symmetric about zero. But it is not necessarily that the kernel should be a density. There 
is a variety of kernels available mostly the non negative kernels. We used here the 
Gaussian kernel as given by;  
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III. Bandwidth Selection  
 In kernel estimation an important step is to choose the suitable value of bandwidth. 
The bandwidth strategy is to increase the bandwidth value cause to decrease the amount 
of smoothing  until the fluctuation converts in random pattern from the structural pattern. 
The large value of bandwidth yields over smoothed results and small value of bandwidth 
yields under smoothed results and in both cases the estimates gives the poor results 
(Hardle, 1990; Wand and Jones, 1995). 

We have used the rule of thumb for bandwidth selection which can easily be 
computed by minimizing the mean integrated squared error (MISE) with respect to h. 

( ){ } ( ) ( )( )2ˆ; ;MISE f x h E f x h f x dx= −∫     (5)
 

By using the Taylor expansion we calculate the asymptotic mean integrated squared 
error;  



80      Pakistan Journal of Social Sciences Vol. 33, No. 1 

( ){ } ( ) ( ) ( )4 2
2

1 1ˆ ;
4

AMISE f x h R K h K R f
nh

µ ′′= +  

( )
( ) ( )

1/5

2
2

AMISE

R K
h

n K R fµ
 

=  ′′                               (6)

 

Having the normal kernel, the optimal value of the h is; 

( )
1/5

1/10 1/2 1/534
8opth nπ π σ

−
− − − =  

 
 

1/5
1/53

4opth nσ − =  
      

 

Finally the optimal value of h (bandwidth) is  
1/51.06opth nσ −=

       
(7)

  

 
For more details see Silverman (1986) and Wand and Jones (1995). 
 
 We conduct simulation study to check the performance of Nadaraya-Watson 
estimation and ordinary least square estimation having different covariate structures. We 
have generated different covariates from the list of the probability distributions and 
compared the mean square errors (MSE) of Nadaraya Watson (MSE.NW) and MSE of 
ordinary least square (MSE.OLS) estimation methods. 
 
IV. Design of the Experiment 
Following is the simulation scheme used in this study. For the model, 

1i i iy xοβ β ε= + +  where   i = 1, 2, …, n; β0 = 1 and β1 = 0.75 and iε  is 
generated from the standard normal distribution (0,1) and xi is generated from the list of 
distributions given as,  Uniform (-1, 1), Normal (5, 4), t (10), Laplace (2, 3), Gamma (2, 
1), Exponential (3) and Weibull (2, 3). 
The first four distributions are symmetric and the other three distributions are the skewed 
distributions. After the generation of xi by taking different sample sizes i.e. n = 25, 50, 
100, 200, 500, 1000 we then generate the values of εi and ultimately the values for yi. 
After the generation of xi and yi we then applied the Nadaraya-Watson estimation and 
OLS estimation. MSE is used as a performance criteria for comparison. The experiment 
is replicated 1000 times for each sample size. 
 
V. Results and Discussions 
 In this article, we have evaluated the performance of NW and OLS estimation with 
different distributions of covariate based on MSE’s. The estimator having smaller MSE 
indicated that estimator is more efficient than that of larger MSE.  
 
Performance of NW and OLS with Different Covariates 
 In this section we are going to present tables and graphs for NW and OLS 
estimation with different covariate structure for different sample sizes. 
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Table 1: Performance of NW and OLS Estimation for U(-1, 1) and Gamma (2, 1) 
 Covariates with Different Sample Sizes   X~U

N
IFO

R
N

 (-1,1) 

n MSE (NW) MSE(OLS)

X~G
A

M
M

A
 (2,1) 

n MSE (NW) MSE(OLS) 
25 0.86979 1.008608 25 0.8738171 0.9786131 
50 0.91484 0.99126 50 0.9290468 0.98797 
100 0.95994 1.00498 100 0.96838 1.00428 
200 0.97303 0.99827 200 0.97642 0.99656 
500 0.98757 0.99920 500 0.98796 0.99802 
1000 0.99332 0.99984 1000 0.99380 0.99977 
AMSE 0.94975 1.00036 AMSE 0.95491 0.99420 

 
 It is clear from the Table 1 that for uniform covariates, with the increase in sample 
size the MSE of the OLS estimation decreases; on the other hand this is not true for NW 
estimation. Moreover it can be seen that the MSE’s of NW estimation is less than that of 
OLS estimation for all the sample sizes also the same may be seen by the average mean 
squared error (AMSE) result. With increase in sample size the results of NW estimation 
becomes consistent and the results of OLS estimation becomes precise. For large sample 
sizes, the performance of these two estimators becomes equal.  
 
 Also from Table 1, we have found that when the distribution of covariates is 
gamma, then with the increase in sample size the MSE of the OLS estimation decreases; 
while for NW estimation the MSE is increase as the sample sizes is increases. These 
results also indicate that the MSE’s of NW estimation is less than that of OLS estimation 
for all the sample sizes also the same may be seen by AMSE result. With increase in 
sample size the results of NW estimation becomes consistent and the results of OLS 
estimation becomes precise. For large sample sizes the performance of these two 
estimators become equal.  
 
Table 2: Performance of NW and OLS Estimation for Exp (3) Covariates with Different 
Sample Sizes 

X~Exp(n,3) 

N MSE (NW) MSE(OLS) 

X~t(n,10) 

n MSE (NW) MSE(OLS) 
25 0.8474261 0.997825 25 0.8763658 1.0135686 
50 0.9078227 1.00385 50 0.9188202 1.00157 
100 0.94187 0.99964 100 0.94871 0.99996 
200 0.96042 0.99797 200 0.96747 0.99897 
500 0.98125 1.00121 500 0.98319 1.00073 
1000 0.98863 1.00103 1000 0.99135 1.00286 
AMSE 0.93790 1.00025 AMSE 0.94765 1.00294 

 
 Table 2 represents that if the distribution of  covariates is exponential then with the 
increase in sample size the MSE of the OLS estimation decreases slowly and 
monotonically; while for NW estimation it not true. We have also found that the MSE’s 
of NW estimation is smaller than that of OLS estimation for all the sample sizes. The 
similar results also seen from AMSE. With increase in sample size the results of NW 
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estimation becomes consistent and the results of OLS estimation becomes precise. For 
large sample sizes the performance of these two estimators become equal.  
 
 Table 3 aslo indicates that for t distributed covariates, then the MSE for small 
samples is large with the increase in sample size the MSE of the OLS estimation 
decreases; on the other hand this is not true for NW estimation. Moreover it can be seen 
that the MSE’s of NW estimation is smaller than that of OLS estimation for all the 
sample sizes also the same results may be observed by AMSE. With increase in sample 
size the results of NW estimation becomes consistent and the results of OLS estimation 
becomes precise. For large sample sizes the performance of these two estimators become 
identical.  
 
Table 3: Performance of NW and OLS Estimation for Weibull(2, 3) Covariates with 
Different Sample Sizes 

X
~W

eibull(n, 2, 3) 

n MSE (NW) MSE(OLS) 
X

~L
aplace(n, 2, 3) 

n MSE (NW) MSE(OLS) 
25 0.8771785 0.9864616 25 1.3782951 0.9950099 
50 0.9388095 1.00315 50 1.299403 1.00680 
100 0.95993 0.99809 100 1.20026 0.98716 
200 0.97340 0.99547 200 1.14517 1.00131 
500 0.99375 1.00467 500 1.08007 1.00121 
1000 0.99265 0.99885 1000 1.04777 0.99912 
AMSE 0.95595 0.99778 AMSE 1.19183 0.99844 

 
 From Table 3, we have found that when the distribution of covariates is weibull, 
then with the increase in sample size the MSE of the OLS estimation decreases; while for 
NW estimation the MSE is increase as the sample sizes is increases. These results also 
indicate that the MSE’s of NW estimation is less than that of OLS estimation for all the 
sample sizes also the same may be seen by AMSE result. With increase in sample size 
the results of NW estimation becomes consistent and the results of OLS estimation 
becomes precise. 
 
 From Table 3, we have also found that when the distribution of covariates is 
Laplace, then with the increase in sample size the MSE of the OLS estimation decreases 
and similar results are also obtained for NW. These results also indicate that the MSE’s 
of NW estimation larger than that of OLS estimation for all the sample sizes also the 
same may be seen by AMSE result. With increase in sample size the results of NW 
estimation becomes consistent and the results of OLS estimation becomes precise. For 
large sample sizes the performance of these two estimators becomes approximately equal.  
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Table 4: Performance of NW and OLS Estimation for Normal(5, 4) Covariates with  
 Different Sample Sizes 

X
~N

orm
al(n, 5,4) 

n MSE (NW) MSE(OLS) 
25 1.23136 0.98860 

50 1.18191 0.99711 
100 1.12699 1.00124 
200 1.08275 0.99928 

500 1.04362 0.99884 

1000 1.02518 0.99787 

AMSE 1.11530 0.99716 
 
 From Table 4, we have found that when the distribution of covariates is normal, 
then with the increase in sample size the MSE of the OLS estimation decreases and 
similar results are also obtained for NW. These results also indicate that the MSE’s of 
NW estimation larger than that of OLS estimation for all the sample sizes also the same 
may be seen by AMSE result. With increase in sample size the results of NW estimation 
becomes consistent and the results of OLS estimation becomes precise. For large sample 
sizes the performance of these two estimators becomes approximately equal.  
 
Comparison of NW and OLS estimation with different sample sizes and diverse 
covariate structures 
 
Table 5: Performance of NW and OLS Estimation for n = 25, 50, 100, 200, 500 and 1000 
 having Diverse Covariates 

 n = 25 n = 50 n = 100 n = 200 n = 500 n = 1000 

Covariate NW OLS NW OLS NW OLS NW OLS NW OLS NW OLS 

Uniform 0.869 1.008 0.914 0.991 0.959 1.004 0.973 0.998 0.987 0.999 0.993 0.999 

Gamma 0.873 0.9786 0.929 0.987 0.968 1.004 0.976 0.996 0.987 0.998 0.993 0.999 

Exp. 0.8474 0.9978 0.907 1.003 0.941 0.999 0.960 0.997 0.981 1.001 0.988 1.001 

t 0.876 1.013 0.918 1.001 0.948 0.999 0.967 0.998 0.983 1.000 0.991 1.002 

Weibull 0.877 0.986 0.938 1.003 0.959 0.998 0.973 0.995 0.993 1.004 0.992 0.998 

Laplace 1.378 0.995 1.299 1.006 1.201 0.987 1.145 1.001 1.080 1.001 1.047 0.999 

Normal 1.231 0.988 1.181 0.997 1.126 1.001 1.082 0.999 1.043 0.998 1.025 0.997 

 
VI. Conclusion 
 Form Table 1 - 4, we have presented the results of OLS estimation and NW 
estimation for different covariate structures on the basis of simulation study. Different 
sample sizes (n = 25, 50, 100, 200, 500, 1000); are used and the Monte Carlo experiment 
is repeated 1000 times to obtain precise results. We have found that the performance of 
OLS estimation with variety of covariates is almost same also the performance of OLS in 
symmetric covariates is relatively good. The performance of NW estimation is very good 
and superceeds OLS for uniform, gamma, exponential, Weibull and t distributed 
covariates. While the results of NW are non-consistent for normal and laplace covariates 
also in these cases, the OLS estimation is better than that of NW estimation. 
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 For covariate structure; uniform, gamma, exponential, t and Weibull, the MSE’s of 
NW estimation is small than that of OLS estimation. But with increase in sample size, the 
MSE’s of NW estimation becomes large. For these covariate structures the performance 
of OLS estimation is relatively poor on MSE basis but for all these cases the OLS 
estimation is found consistent. 
 
 For covariate structures; laplace and normal, the performance of OLS estimation is 
better than that of NW estimation also results of OLS are consistent. In these cases, the 
MSE’s of NW estimation becomes small with increase in sample size. 
Generally, the performance of NW is good for positively skewed and fat tailed symmetric 
covariates but the results are not consistent, also the performance of NW estimation is 
poor for symmetric covariates. On the other hand, OLS is consistent for all covariate 
structures but have large MSE’s than NW for skewed and fat tailed symmetric covariates.  
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